Detailed calculations of spin rotation by the Earth's gravitational field in a frozen-spin ring are presented in three different coordinate systems and used (a) to show that the systematic error caused by gravitation in a proposed electric dipole moment measurement can be unambiguously determined, and (b) to propose measuring the spin-gravity effect in a dedicated frozen-spin ring using electrons.
Introduction and basic equations
This paper was chiefly motivated by proposals to measure the electric dipole moments (EDMs) of various charged particles in "frozen-spin" storage rings [1] , [2] , [3] .
EDM here means a vector, ! d, whose rest-frame energy in an electric field equals
as it does for any classical electric dipole), but whose direction is defined by a particle's rest-frame spin, A frozen-spin ring is designed so that the initial polarization of a particle relative to the equilibrium orbit will remain constant ("frozen") in the absence of EDM. Then, ideally, only the EDM will rotate the spin-in the plane perpendicular and tangential to that orbit. This requires a combination of particle momentum p, p / mc = !" , " = # / mc 2 ,
and labframe vertical magnetic B-field and radial electric E-field such that,
! a is the rotation frequency of the planar spin projection relative to the rotation frequency of the momentum [1] ; a = g ! 2 ( ) / 2 where g is the gyromagnetic factor.
When ! a = 0, the planar angle between ! p and ! s remains constant in time. Some feedback system is needed to hold this condition experimentally. We assume the existence of such a system, as well as a system canceling spin rotations in the vertical plane by perturbations other than EDM. (We refer the reader to [4] for discussion of these non-EDM problems, including betatron and synchrotron stability issues.)
In a frozen-spin EDM ring, the EDM detector(s) measure the vertical spin component as a function of time,
The initial spin polarization should be along the orbit. If (1.1) is satisfied, the longitudinal spin component, s l , on the right side of (1.2) as well as E r , ! l , and B z remain constant, so s z is growing.
Gravitation is involved here because, among other things, it rotates the spin in the same vertical plane tangential to the orbit. Rough preliminary estimates show that for the case of protons or deuterons, the scale of the EDM spin rotation in the vertical plane at d = 10 !29 e " cm can be ~10 nrad/sec, depending on the accessible electric field. The scale of the spin rotation by the Earth's gravitational field in the same plane is g / c = 30 nrad/s, which corresponds to a large systematic error in the EDM measurement.
As follows from (1.1), it is possible to use a purely electric frozen-spin ring for particles with a positive anomalous magnetic moment, a = (g ! 2) / 2 > 0 , which includes protons, muons and electrons but not deuterons, whose a < 0 . In this case, B = B z = 0 in eq. (1.1) and, obviously, the particle momentum must equal p = p mag = mc / a to freeze the spin. This is the so-called magic momentum introduced in 1970 for the muon g-2 experiment [5] . For protons, p mag = 0.7007GeV / c ; for muons, p mag = 3.09GeV / c; for electrons, p mag = 15.005MeV / c. Such a regime has the following big advantage. Two beams of particles can be injected and rotated in opposite directions, meeting the same perturbations simultaneously, and the corresponding systematic errors can be reduced by combining the clockwise and counterclockwise data [2] . This idea is based on the fact that most perturbations (including the gravitational field) do not violate T-symmetry, whereas the EDM does. In the deuteron case, the magnetic field cannot be zero and the momentum cannot be magic. One can nevertheless try to extract the true EDM value by using clockwise and counterclockwise beams in turn, changing the particles' initial conditions and the sign of the magnetic field accordingly [3] .
In Sections 2-4 we calculate gravitational spin rotations for the general case of a frozen-spin ring, including the purely electric version, investigating the same spin-gravity effect in different coordinate systems. This approach addresses a problem apparently unremarked in the spin-gravitation literature concerned with rings (see [6] , for example):
that the measured magnitude of spin rotation in the vertical plane is very sensitive to one's definition of "vertical" direction, which itself is determined by the experimental setup. Thus, computations of the spin-gravity effect in different coordinate systems can (as they do here) yield different results, because the vertical directions of the different coordinate systems do not coincide. We need to establish the scale of this unwelcome sensitivity, its sources, and ways to avoid it. We also need to address a parallel question about sensitivity to the choice of "vertical" position when the "vertical" direction is given.
Our calculation technique is based on manifestly covariant relativistic spin equations in the framework of Riemannian geometry, with the Schwartzschild metric linearized with respect to g, g = 9.80665m / s 2 , and small deviations from the circular equilibrium orbit. (Similar covariant equations were used much earlier in [7] with g = 0 , but in connection with spin.) These equations are the general relativity extension of the quasi-classical Thomas-BMT equation [8] into which we introduce the EDM term:
together with the Lorentz equation,
where 
, where g is the particle gyromagnetic factor. (Below, we will use notation g only for gravity acceleration and g for det g ik .)
For the metric g ik we use the Schwarzschild solution in Schwarzschild coordinates [10] :
where R g = 2kM / c 2 is the Earth's gravitational radius; !kM / R = " = " 0 + gx 3 , Fig. 1 ; ! is the gravitational potential, 2! / c 2 << 1 ; and ! = ! 0 is the potential at the Earth's radius, R 0 :
The equations for our electromagnetic fields in a curvilinear coordinate system with gravitation are:
Spin rotation: cylindrical coordinates
What we will call cylindrical coordinates can be defined experimentally in two steps: the direction x 3 (opposite to the direction of ! g ) is established and then rotated to are:
where
The labframe spin projections used in the eqs. below are
To compute the metric in the coordinates (2.1), we first rewrite (1.7) using the standard cylindrical coordinates t, !, r, z , in which
Further on, we neglect terms proportional to g 2 . For example,
In this approximation,
Turning now to the coordinates (2.1) and keeping only linear terms in the radial and vertical deviations from the assumed equilibrium orbit, we get from (2.4):
(2.5)
Here we neglect any sine with a power higher than sin 2 .
It makes sense to redefine time by introducing dx
+ other terms of (2.5),
x 0 is proper time as measured by stationary observers on the Earth's surface. From (2.5) and (2.6), and neglecting deviations x 2 , x 3 from the equilibrium orbit as well as the g 2 -terms in the final formulas, we have the following vertical components of the Christoffel symbols:
where (in our approximation) g 32 = !g 32 (g 22 / g 33 ) " !g 32 . Note that ! 00 3 does not depend on factor (1! 2gR g / c 2 ) in the original metric component g 00 , and hence on the transformation c! " x 0 . Note also that ! 11 3 does not contain any non-gravitational, geometric terms in these cyclindrical coordinates.
The radial components are:
! 11 2 contains a geometric (centrifugal) term !1 / r 0 . We will first investigate the equilibrium conditions in the horizontal plane, which are the basis of the frozen-spin idea.
By using (2.9), (2.10), we can write the condition for the horizontal (radial) equilibrium,
In the case of g = 0 , this is the familiar equation cp = e(B z ! E r / " )r 0 with
The dynamics of the small oscillations around this equilibrium is beyond the scope of our paper.) The EM fields in (2.11) are solutions of eqs. (1.9), (1.10).
For example, neglecting the terms proportional to sin
(2.12) 
From (2.11) and (2.14), the frozen-spin condition in the covariant form, dS 2 / dc! = 0 , can be written as: We turn now to movement in the vertical direction.
At the equilibrium du 3 / d! = 0 , the left side represents the vertical centrifugal force; the right side represents the EM force balancing the centrifugal one. In the cylindrical coordinates, the latter is proportional to g: i.e., the components independent of x 3 . Indeed, the EM fields on the right side of (2.17) obviously do not equal zero at the vertical equilibrium, du 3 / dc! = u 3 = 0 , since they balance the vertical gravitational acceleration given on the left side. By design, these EM fields contain some field gradients. For example,
To keep x 3 = 0, that is, to keep the beam at the center of the vacuum chamber, requires a non-zero constant component E z 0 . It can be provided by design. This field must of course be taken into account in the vertical spin equation.
In contrast to the horizontal spin component (which is frozen, by design), the vertical spin component, S 3 , is not constant in time:
where we take into account that
The direct spin-gravitation interaction is described by the left side of (2.19). The right side describes the indirect spin-gravity interaction through the EM field balancing 
The spin-gravity and EDM rotations are observed in the same ring:
(2.23)
Spin rotation: spherical coordinates
In a system of spherical coordinates, the "vertical" is now directed along the radius vector from the Earth's center to some point of the orbit. It makes sense, again, to remove the constant 2! 0 / c 2 from (1! R g / R) in eq. (1.7) by redefining time (as in the cylindrical coordinates case),
, and to neglect the second-order term (! 0 / c 2 )(mgx 3 / c 2 ) in the transformed g 00 . (As noted in Section 2, such a transformation does not influence ! 00 3 . ) Then we introduce the coordinates in the vicinity of the ring:
(See! = " # " 0 in Fig. 1 .) This gives us:
(3.
2)
The Christoffel symbols are: From (3.5):
The frozen-spin condition in the absence of any magnetic field takes the form:
where we neglect terms proportional to g / c. (Any such term in the equation for the horizontal spin component is much smaller than the statistical and systematic errors caused by other, non-gravitational terms which we also do not take into account.) Thus,
In the approximation cos! 0 = 1, the right side of (3.8) equals the right side of (2.21),
The product of two = (g / c) a. Indeed, from the equations of the vertical and horizontal motions,
0 / R 0 = sin" 0 . Therefore, the condition
becomes in spherical coordinates,
(3.10) (3.10) is rather easy to satisfy in a purely electric ring. If (3.9) is satisfied, then the formula (2.22) for spin-gravity rotation in a purely electric frozen-spin ring is correct in both cylindrical and spherical coordinate systems.
Spin rotation: isotropic-spherical coordinates
We now need to investigate whether spin rotation is sensitive to small variations of the chosen vertical coordinates when the vertical direction is given. The isotropicspherical coordinate system seems to be a good tool for such an investigation. In the linear approximations with respect to g , the isotropic-spherical coordinates are !, ", # , where the vertical scale
is different from the vertical scale, R, of the spherical coordinate system. So the Schwarzschild metric becomes:
At the equilibrium ! = ! eq = ! 0 = Arcsin r 0 / R 0 ( ), that is, our "vertical direction" here is the same as that of the usual spherical coordinate system, Section 3. Further,
From (4.2), neglecting terms proportional to small deviations from the equilibrium,
This is similar to the Christoffel symbols in the spherical coordinates, eqs. also be obtained, by using the small deviations from the equilibrium in the isotropicspherical coordinates:
Here we will omit the corresponding calculations.
In a ring satisfying conditions (3.5)-that is, a purely electric frozen-spin ringthe difference between the ! 11 3 of the spherical and isotropic-spherical coordinate systems cannot lead to any uncertainty about observed spin rotations. First, the contribution of ! 11 3 to spin rotation is cancelled in the isotropic-spherical system in the same way as in the other two coordinate systems, eq. (2.20). In the linear approximations with respect to g, ! 00 3 and the products ! 00 3 (u 0 )
accelerations caused by ! 00
Thus, in our approximation, the dynamics of the vertical spin components and the vertical momentum components are the same in the spherical and isotropic-spherical systems of coordinates.
Conclusions
Our main result is that spin-gravity rotation in the vertical tangential plane can be by assuming a uniform gravitational field all along the ring ( cos! 0 = 1 ) and then using special relativity in an accelerated frame plus the equivalence principle (a uniform gravitational field is equivalent to an accelerated frame). However, such an approach would limit the generality of the method without simplifying the calculations. For this reason we have used Riemannian geometry in the frame of general relativity. The result, in addition to (2.22) , is a set of equations (2.7)-(2.10), (3.3), (3.4) containing higher-order terms that include the effects of geodetic precession [11] . These terms are the basis for corrections to eq. (2.22) of the order r 0 / R 0 ( ) 2 . We do not analyze them because they are beyond the accuracy level of current measurements.
As noted in Section 1, we do not take into account the Earth's rotations; in particular, we neglect the gravitational field generated by the angular momentum of the Earth, which gives rise to the Lense-Thirring precession (the dragging of inertial frames) [11] . The relative contribution of the Lense-Thirring precession to our (2.22) would be of the order v / c , where v is the spin velocity of the Earth's surface. Experimentally, this effect is well beyond the accuracy level of the proposed EDM measurements.
Our calculations of spin rotation in different coordinate systems reveal that a big nongravitational, geometric effect-a vertical centrifugal force-is a source of major ambiguity concerning observed rotations in the vertical plane tangential to the orbit.
Depending on how vertical is defined by the experimental setup one uses, these spin rotations can range from zero (the vertical direction associated with cylindrical coordinates) to some nine orders of magnitude bigger (the vertical direction associated with spherical Schwartzschild coordinates) than the purely gravitational spin rotation, eq. Applied to the proposed proton EDM experiment [2] , these results strongly suggest that magnetic fields (magnetic focusing, for example) should be avoided in the frozen-spin EDM ring. The spin rotation by gravity, eq. (2.22), will still be bigger than the expected sensitivity to the 10 !29 e " cm EDM. However, interpretive ambiguity will be avoided. We will instead have a well-defined systematic error that can be simply extracted numerically from the observed spin-rotation rate by using our formula (2.22 Applied to investigation of the gravity-spin effect itself, our results show that the spin-gravity effect can be unambiguously measured and that a purely electric frozen-spin ring is a way to do so. Electrons would be a good choice of test particle in a ring exclusively dedicated to measuring the spin-gravity effect, because the magic momentum p mag of electrons is small, which means that the ring can be small. According to (2.22), the theoretical expectation is that this rate for electrons, a = 0.00116, will be ds z / dt ( ) grav = s l ! 1.1! 10 "9 s "1 . A systematic error caused by the (still unknown) electron EDM will probably not be larger than these spin-gravity rotations. As for the radiation processes, the effects of radiative polarization [12] and depolarization [13] for electrons with energy 15 MeV in a purely electric frozen-spin ring are very small and can be neglected.
Apart from its intrinsic interest, the spin-gravity experiment proposed here might constrain modified gravitational theories for which the equivalence principle fails to hold, as well as theories involving torsion in which elementary particle spin does not couple to gravity in the same way as it does in general relativity, i.e., as macroscopic angular momentum.
